Rules for integrands of the form (d x)" Pq[x] (a + bx*+ cx*)?

1: J(dx)qu[x] (a+bx*+cx*)?dx when - Pq[x?]

Derivation: Algebraic expansion
Basis: Pqx] = 3821 Pqx, 2k] X2+ x 3%%Y /2Py [x, 2k + 1] x2X
Note: This rule transforms e, (x; into a sum of the form o.[x] + xr,[x].

Rule 1.2.2.6.3: If = Pq | x|, then

9.1 1 RN
J(dx)'“Pq[x] (a+bx®+cx*)Pdx — J(dx)’" [ZPq[x, 2k] XZkJ (a+bx2+cx4)pdx+EJ(dx)m+1[ZPq[x, 2k +1] xz"J (a+bx®+cx*)Pdx

k=0 k=0

Program code:

Int[(d_.*x_)"m_.xPq_=(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=

Module[ {q=Expon[Pq,x],k},

Int[(d*x) Am*Sum [Coe'F'F[Pq,x,Z*k] *X" (2xk) , {k,O,q/2+1}]* (a+b*x"2+c*x"4)"p,x] +

1/d*Int[ (dxx)~ (m+1) »Sum|Coeff [Pq,x,2xk+1] »x" (2xk) , {k,@, (q-1) /2+1} | * (a+b*x"2+c*x"4) ~p,x] ]| /;
FreeQ[{a,b,c,d,m,p},x] && PolyQ[Pq,x] && Not[PolyQ[Pq,x"2]]



Rules for integrands of the form (d x)~"m Pq(x) (a+b x~2+c x"~4)"p

2: | X"Pq[x*] (a+bx*+cx*)Pdx when =t ez

Derivation: Integration by substitution
Basis: If % € Z,then xr F[x?] = %Subst[x? FIX], X, X2]| 8,x?

Rule 1.2.2.6.4: If % € 7, then

1 -
Jx"‘ Pa[¥*] (a+bx?+cx?)Pdx — —Subst[‘[xTl Pa[x] (a+bx+cx?)Pdx, x, xz]
2

Program code:
Int[x_"m_.*Pq_x (a_+b_.*x_"2+c_.xx_"4)"p_,x_Symbol] :=

1/2%Subst [Int [x” ((m-1) /2) *SubstFor [x~2,Pq,Xx] * (a+b*Xx+Cc*Xx"2) *p,Xx],X,Xx"2] /;
FreeQ[{a,b,c,p},x] &% PolyQ[Pqg,x*2] && IntegerQ[ (m-1) /2]

3: J-(dx)'“Pq[xz] (a+bx*+cx*)Pdx whenp +2ez*

Derivation: Algebraic expansion

Rule1.2.2.6.1:If p+ 2 € Z*, then

J(d X)"P[X*] (a+bx*+cx?)Pdx — JExpandIntegrand [(dx)"Pg[x*] (a+bx*+cx*)P, x] dx

Program code:

Int[(d_.*x_)”"m_.*Pq_= (a_+b_.*Xx_"2+c_.*x_"4)"p_.,x_Symbol] :=
Int [ExpandIntegrand[ (d*x) *mxPqx* (a+bxx*2+cxx"4)*p,x],x] /;
FreeQ[{a,b,c,d,m},x] && PolyQ[Pq,x"2] && IGtQ[p,-2]



Rules for integrands of the form (d x)~"m Pq(x) (a+b x~2+c x"~4)"p

4: J(dx)qu[xz] (a+bx*+cx*)Pdx whenPq[x, 0] == 0

Derivation: Algebraic expansion

Rule 1.2.2.6.2:If Pq[x, @] == 0, then

P |:x2

1
J(dx)qu[xz] (a+bx®+cx*)Pdax — ci—zj(dx)“"’zq)(—2 (a+bx®+cx*)Pax

Program code:

Int[(d_.*x_)”"m_.*Pq_= (a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol]
1/d”2xInt [ (dxx)~ (m+2) xExpandToSum[Pq/x"2,x] * (a+bx*x*2+c*x"4) *p,x] /;
FreeQ[{a,b,c,d,m,p},x] &% PolyQ[Pq,x"2] && EqQ[Coeff[Pq,x,a],e]

5: -J-(dx)'“(e+-Fx2+gx4) (a+bx®+cx*)Pdx whenaf (m+1) -be (m+2p+3) =@ Aag(m+1l) -ce(M+4p+5) =0 A m¢-1

Rulel1.2.2.65:If af (m+1) -be (m+2p+3) =@ Aag(m+1) -ce (m+4p+5) =0 A m#+ -1 ,then
e (dx)™? (a+bx2+cx4)"+1
J.(dx)’"(e+fx2+gx4) (a+bx*+cx*)Pdax — E——

Program code:

Int[(d_.*x_)"m_.xPq_=(a_+b_.*x_"2+c_.*x_"4)"p_.,x_Symbol]
With[{e=Coeff[Pq,x,0],f=Coeff[Pq,X,2],g=Coeff[Pq,x,4]},
ex (dxx) A (m+1) * (a+b*x"2+c*xx*4) ~ (p+1) / (axdx (m+1)) /;

EqQ[afx (m+1) -bxex (m+24p+3) ,0] && EqQ[a*g# (M+1) -cxex (M+4xp+5),0] && NeQ[m,-1]] /;

FreeQ[{a,b,c,d,m,p},x] && PolyQ[Pq,x"2] && EqQ[Expon[Pq,x],4]



Rules for integrands of the form (d x)~"m Pq(x) (a+b x~2+c x"~4)"p

6: j(dx)qu[xz] (a+bx*+cx*)Pdx wheng>1 A b2 -4ac=0

Derivation: Piecewise constant extraction
4 2, 4\ P
Basis: If b%> — 4 a ¢ == 0, then o, (arbxirext)” 0

<b+2 C X2>2p

Rule1.2.2.6.7:1f g > 1 A b%> -4 ac == 0, then

FracPart[p]

a+bx?+cx?
2
f(d x)™ Pq[xz] (b+2 cx2) Pdx
2 FracPart[p]

J(dx)qu[xz] (a+bx2+cx4)pc'ﬂx —
(4C)IntPar‘t[p] (b+2cxz)

Program code:
Int[(d_.*x_)”"m_.*Pq_=(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=

(a+bxx*2+cxx*4) *FracPart [p]/ ( (4xc) "IntPart [p] = (b+2xcxXx"2) ~ (2xFracPart[p])) *Int[ (dxx) *mxPg* (b+2xCcxx*2)* (2xp) ,X] /;
FreeQ[{a,b,c,d,m,p},x] && PolyQ[Pq,x"2] && GtQ[Expon[Pq,x"2],1] &&% EqQ[b”2-4xaxc,0]

7. jx'“Pq[xz] (a+bx®+cx*)Pdx whenq>1 A b>-4ac#@ A p<-1A fez

1: JX”Pq[XZ] (a+bx*+cx*)Pdx wheng>1 A b?-4ac#0 Ap<-1A Jez'

Derivation: Algebraic expansion and trinomial recurrence 2b

Rule1.2.26.8.1:1f g>1 A b?-4ac+0 Ap<-1A % € Z*, let g » PolynomialQuotient [x" P [x2], a+bx2 + c x*, x]and

d + e x2 » PolynomialRemainder [x’" Pq [xz] ,a+bx?+cx?, x] s then

jmeq[xz] (a+bx2+cx4)pdlx —

J(dJ'exZ) (a+bx2+cx4)pd]x+JQ (a+bx?*+cx*)Prdax —



Rules for integrands of the form (d x)~"m Pq(x) (a+b x~2+c x"~4)"p

x(a+bx2+cx“)p+1 (abe-d (b*-2ac) -c (bd-2ae) x?)

+

2a(p+1) (b*-4ac)
= j(a+bx2+cx4)p+1-

(2a(p+1) (b®-4ac)Q+b’d (2p+3)-2acd (4p+5) -abe+c (4p+7) (bd-2ae) x*) dx

2a(p+1) (b*-4ac)

Program code:

Int[x_"m_x%Pq_=* (a_+b_.*x_"~2+c_.*x_"4)“~p_,x_Symbol] :=

With[{d=Coeff [PolynomialRemainder [x"mPq,a+bxx"2+c*x"4,x],X,0],

e=Coeff[PolynomialRemainder [x"m«Pq,a+b*x"2+c*x"4,x],X,2] },
X* (a+b*x"2+cxx™4) ~ (p+1) » (axbxe-dx (b*2-2xa*c) -c*x (bxd-2xaxe) xx*2) / (2xa* (p+1) * (b*2-4xaxc)) +
1/(2*a*(p+1)*(b“2—4*a*c))*Int[(a+b*xA2+C*xA4)A(p+1)*
ExpandToSum[z*a*(p+1)*(bA2—4*a*c)*PolynomialQuotient[xAm*Pq,a+b*xA2+c*xA4,x]+
b”2xdx (2%p+3) -2xaxC*xd* (4xp+5) —axbxe+cx (4xp+7) » (bxd-2xaxe) *X"Z,X] ,X] ] /3

FreeQ[{a,b,c},x] && PolyQ[Pq,x"2] && GtQ[Expon[Pq,x"2],1] && NeQ[b”2-4xaxc,0] &% LtQ[p,-1] && IGtQ[m/2,0]



Rules for integrands of the form (d x)~"m Pq(x) (a+b x~2+c x"~4)"p

2: [x"Pg[x?] (a+bx*+cx*)Pdx wheng>1 A b?-4ac#@ Ap<-1A Jez

Derivation: Algebraic expansion and trinomial recurrence 2b

Rule 1.2.2.6.8.2: If q>1A b2-4ac 0 Ap<-1A I e Z", letQ—>PolynomialQuotient[x“1 Pa[Xx?], a+bx?+cx4, x]and

N

d + e x> > PolynomialRemainder [x"‘ Pq [xz] ,a+bx?+cx?, x] s then

jx’“Pq[xz] (a+bx*+cx*)Pdx —
[lavext) (@eortvext)axs fofarbatsex)ax

x(a+bx2+cx“)'J+1 (abe-d(b*-2ac)-c (bd-2ae) x?)

+

2a(p+1) (b*-4ac)
= Jx’" (a+bx2+cx4)p+1-
2a(p+1) (b*-4ac)

(2a(p+1) (b®-4ac)x™"Q+ (b’d (2p+3) -2acd (4p+5) -abe)x"+c (4p+7) (bd-2ae) x* ") dx

Program code:

Int[x_~m_xPq_=* (a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=

With[{d=Coeff [PolynomialRemainder [x"m«Pq,a+bxx"2+c*x"4,x],X,0],

e=Coeff[PolynomialRemainder X "m+Pq,a+b*x"2+c*x 4,Xx],X,2] },
X* (a+b*x"2+Cc*x"4) ~ (p+1) * (axbxe-d* (b"2-2xa*c) -c» (bxd-2xaxe) *x*2) / (2*a*x (p+1) » (b*2-4xaxc)) +
1/ (2*a* (p+1) * (b”2-4xaxc) ) »Int [x"m* (a+b*x"2+c*xx"4) * (p+1) *
ExpandToSum [Z*a* (p+1) * (b*2-4xaxc) *x” (-m) xPolynomialQuotient [x"mxPq,a+b*x"2+c*x"4,x] +
(b"2xd* (2xp+3) -2xa*Cxd*x (4xp+5) —axbxe) *x™ (-m) +Cx (4xp+7) » (bxd-2xaxe) *x~ (2-m) ,X] ,X] ] /5

FreeQ[{a,b,c},x] && PolyQ[Pq,x"2] && GtQ[Expon[Pq,x"2],1] && NeQ[b”2-4xaxc,0] &% LtQ[p,-1] &% ILtQ[m/2,0]



Rules for integrands of the form (d x)~"m Pq(x) (a+b x~2+c x"~4)"p

x [xPy[¥] (3463 cxt)?ax whena>1 A b -4ac#0 Ap<-1 A ez

Derivation: Algebraic expansion and trinomial recurrence 2b
Note: Better to use the substitution x-x2.

Rule 1.2.2.6.8.2:1f g >1 A b2-4ac+0 A p<-1A mz;l eZ,letg- PolynomialQuotient [x" Pq[x2], a+bx? + c x*, x]and
dx+ex3- PolynomialRemainder‘[x'“ Pq [xz] ,a+bx?+cx?, x] 5 then

jmeq[xz] (a+bx®+cx*)Pdx —
dx+ex3) (a+bx?+cx?)Pdx+ a+bx2+cx*)Prdax —
(exeex) ( axs [o |

x? (a+bx2+cx“)p+1 (abe-d (b*-2ac)-c(bd-2ae) x?)

+
2a(p+1) (b*-4ac)

= Jx’“ (a+bx2+cx4)p+1-
a(p+1) (b*-4ac)

(a(p+1) (b>-4ac)x™Q+ (b®’d (p+2) -2acd (2p+3) -abe) x'™+2c (p+2) (bd-2ae) x>") dx

Program code:

(» Int[x_"m_.*Pq_x*(a_+b_.*x_"~2+c_.*x_"4)”~p_,x_Symbol] :=

With[{d=Coeff [PolynomialRemainder [x"m«Pq,a+bxx"2+c*x"4,x],X,1],

e=Coeff[PolynomialRemainder [X"m«Pq,a+b*x"2+c*x 4,x],X,3] },
X"2% (a+b*x"2+c*x”4) * (p+1) » (axbxe-dx (b*2-2xaxc) -c» (bxd-2xaxe) *x*2) / (2xax (p+1) » (b*2-4xaxc)) +
1/(a*(p+1)*(bA2—4*a*c))*Int[xAm*(a+b*xA2+c*xA4)A(p+1)*
ExpandToSum[a*(p+1)*(bA2—4*a*c)*xA(—m)*PolynomialQuotient[xAm*Pq,a+b*xA2+c*xA4,x]+
(b*2xdx (p+2) -2%axCcxd* (2xp+3) —axbxe) *x” (1-m) +2xC* (p+2) * (bxd-2xaxe) *x” (3-m) ,x] ,X] ] /5

FreeQ[{a,b,c},x] && PolyQ[Pq,x*2] && GtQ[Expon[Pq,x"2],1] && NeQ[b"2-4xaxc,0] && LtQ[p,-1] && IntegerQ[ (m-1)/2] =*)



Rules for integrands of the form (d x)~"m Pq(x) (a+b x~2+c x"~4)"p

u: J(dx)qu[x] (a+bx*+cx*)Pdx

Rule 1.2.2.6.U:

j(dx)qu[x] (a+bx*+cx*)Pdax — J.(dx)’"Pq[x] (a+bx*+cx*)Pdx

Program code:

Int[(d_.*x_)"m_.*Pq_=(a_+b_.*Xx_"2+c_.*x_"4)"p_.,x_Symbol] :=
Unintegrable[ (d#x) "mxPqx (a+b*x*2+c*x"4) *p,Xx] /;
FreeQ[{a,b,c,d,m,p},x] & PolyQ[Pq,x]



